In the extended phase space, the d-dimensional singly spinning Kerr-anti-de Sitter black holes exhibit the van der Waals phase transition and reentrant phase transition. Since the black hole system is a single-characteristic-parameter system, we show that the form of the critical point can be uniquely determined by the dimensional analysis. When d = 4, we get the analytical critical point. The coexistence curve and phase diagram are obtained. The result shows that the fitting form of the coexistence curve in the reduced parameter space is independent of the angular momentum.
II. CLASSIFICATION OF THERMODYNAMIC QUANTITIES
Before investigating the critical phenomena, we would like to give a simple classification of the thermodynamic quantities, and discuss the relation between the classification and the critical point.
Let us start with the equation of state of a vdW fluid,
where v = V /N is the specific volume with V and N being the volume and total number of the molecules for the fluid system. The parameters a and b come from the corrections of attraction between the molecules and the nonzero size of the molecules. For different fluids, a and b take different values. From this equation, we have five parameters: P , V , T , a, and b. In general, we can divide them into two classes. The first class consists of universal parameters -such as the pressure P , volume V , and temperature T -which describe the universal properties of an ordinary thermodynamic system. The second class consists of the characteristic parameters-such as a and b-which describe the characteristic properties of a thermodynamic system. With such classifications, we can further discuss the critical point and the coexistence curve. After examining the concept of the critical point, we note that the critical point can be interpreted as the relation between the universal and characteristic parameters. For example, one has the following critical point for the vdW fluid:
And the P -T coexistence curve is
where f (a, b, T ) is a function of a, b, and T . It seems that such an analysis does not provides us with a new result for the phase transition. However, if a system has only one characteristic parameter, what will happen? For example, the ddimensional charged AdS black hole and singly spinning Kerr-AdS black hole are both single-characteristic-parameter systems.
The critical point and coexistence curve for d-dimensional charged AdS black hole are already known. We will first take it as a simple example, and then apply the analysis to the rotating Kerr-AdS black hole. We first list the length dimensions of the relevant parameters in units of c = G d = = k B = 1,
Since the charged AdS black hole is a single-characteristic-parameter system, the critical point should have the following form according to Eq. (2):
where α 1 ∼ α 5 are dimensionless constants and can be determined by the critical condition, which we will discuss in the next section. The specific values for these coefficients can be found in Ref. [44] . The parametrization form of the coexistence curve can also be found in Ref. [36] , which will be in the form of Eq. (3) if we express them in the ordinary parameter space. Note that we obtain the form for the critical points without any calculation. Now, we would like to turn to the singly spinning Kerr-AdS black hole. Combined with the dimensional analysis, the critical point must be in the form
where β 1 ∼ β 5 are dimensionless constants. Now we have given the explicit form of the critical point without any approximation for the singly spinning Kerr-AdS black hole. From such an analysis, we see that the exact value of the critical point should exist, and the coefficients β i will be determined in the following sections. Another byproduct is that the universal ratios ρ 1 = Pcvc Tc and ρ 2 = TcVc Sc are dimensionless constants. For the charged AdS black hole, we have ρ 1 = 2d−5 4d−8 [44] and
III. GENERALIZED MAXWELL EQUAL-AREA LAWS
In this section, we will examine the equal-area laws for the rotating AdS black hole, and use them to show the critical conditions.
In the extended phase space, the cosmological constant is treated as a new thermodynamic variable [16, 18] , i.e., the pressure
With such an interpretation of the cosmological constant, the first law of the black hole thermodynamics is modified as
Compared with that of the vdW fluid, the black hole mass M should be identified with the enthalpy H rather than the internal energy, and V = (∂ P H) S,J is related to the thermodynamic volume of the system. This system has three pairs of intensive/extensive variables, i.e., (T, S), (P, V ), and (J, Ω). The Gibbs free energy for the system reads
Differentiating it, we get
Each point located on the coexistence curve corresponds to two states, labeled as "A" and "B". They are in different system phases but have the same Gibbs free energy. Then we have dG = G A − G B = 0, which leads to
Integrating the above equation from "A" to "B", one easily obtains
As was done in Ref. [36] , we can obtain the generalized equal-area laws by only varying one parameter and keeping the other fixed. Case I: J and P fixed. Equation (12) reduces to TB TA SdT = 0.
Then following the simple calculation of Ref. [36] , we can construct the equal-area law on the T -S oscillatory line. Case II: J and T fixed. Equation (12) gives
Thus, we can construct the equal-area law on the P -V oscillatory line. Case III: P and T fixed. We have
The equal-area law can also be constructed in a similar way. In summary, there are three oscillatory lines: the T -S, P -V , and J-Ω lines. Along these three curves, we can construct three equal-area laws. They are consistent with each other and are effective for finding the phase transition points.
It was recently found that there exists a small/large black hole phase transition of the vdW type for a rotating AdS black hole [44] . In general, the coexistence curve shown in the P -T diagram has a positive slope, and it terminates at a critical point as the temperature T increases. The critical point can be determined by the oscillatory curves. Since there are three curves, we have three kinds of critical conditions to determine the critical point. Here we list all of them:
To obtain the critical point one can use the first condition, which has been adopted in many works. In fact, the other two are also effective for obtaining the critical point. Next, we will show that the exact value of the critical point can be well determined by the second condition.
Applying the same technique used in Ref. [36] , the generalized Clapeyron equations can be obtained for the Kerr-AdS black hole in the extended phase space:
They hold for a singly spinning Kerr-AdS black hole with any dimension d.
IV. d = 4-DIMENSIONAL KERR-ADS BLACK HOLES
In this section, we will reexamine the phase transition of the four-dimensional Kerr-AdS black hole. At firstly, we give a brief review of its thermodynamics.
The line element of the Kerr-AdS black hole is given by
where the metric functions read
The thermodynamic quantities are
where r h is the horizon radius of the black hole. The mass M and angular momentum J are related to the parameters m and a as
The Gibbs free energy of the black hole is
Moreover, we can express the temperature, Gibbs free energy, and thermodynamic volume in terms of S, J, and P :
The specific volume can be determined with v = 2(3V /4π) 1/3 . In general, the heat capacity implies a local thermodynamic stability: positive and negative heat capacities correspond to the stable and unstable systems, respectively. It should also be noted that the phase transition takes place at the divergent point of the heat capacity. For a rotating Kerr-AdS black hole, the heat capacity at fixed J and P is
A. Analytical critical point
It is shown that a small/large black hole phase transition of the vdW type exists in the background of the charged or rotating AdS black hole. For the charged AdS black hole, the thermodynamic volume depends only on the black hole horizon radius. Thus, the critical point can be easily determined by the condition (16) . However, for the rotating AdS black hole, the thermodynamic volume depends both on the angular momentum and the radius, which increases the difficulty of obtaining the critical point with Eq. (16) .
In Ref. [44] , the authors expanded all quantities to O(J 2 ) in the small-J limit and obtained an approximate critical point, which reads
The relation in turn yields the universal critical ratio ρ 1 = 5/12, which is different from the value 3/8 for the vdW fluid. However, the critical exponents are the same as the vdW fluid, i.e., α = 0, β = 1/2, γ = 1, δ = 3. In Ref. [49] , the authors further approximated the exact equation of state by the slow-rotating expansion to a higher order. The critical point is slightly shifted from the preceding values, and the universal critical ratio ρ 1 deviates from 5/12 by a small amount. However, the result shows that the critical exponents are the same as the ones obtained before. Although Refs. [44, 49] provided a good approximation to the exact equation of state, and reproduced the critical point, these results are based on the small-J limit. One may wish to obtain the exact value of the critical point for any J. In the following, we will reexamine this issue.
Recall that the reason we could not obtain the exact critical point is mainly due to the fact that the thermodynamic and specific volumes are J dependent (see Eqs. (29) and (31)). This will make the condition (16) hard to deal with, and the exact critical point cannot be obtained. However, as we shown before, there also exist other conditions to determine the critical point (see Eqs. (17) and (18)).
In Ref. [14] , the authors studied the J-Ω criticality for the d = 4-dimensional Kerr-AdS black hole. The condition (18) was used, but analytical critical points were still not obtained. Thus the condition (17) may be an alternative choice. Combined with Eq. (29), the condition (∂ S T ) J,P = (∂ S,S T ) J,P = 0 reduces to
Recalling that the critical point must be in the form of Eq. (6), we only need to determine the dimensionless constants β 1 ∼ β 5 . Fortunately, the above two complicated equations have an analytical solution:
where
Through examining the divergent behavior of the heat capacity C J,P , Dolan [52] found the exact numerical value of the critical point for the d = 4-dimensional Kerr-AdS black hole, which is consistent with our analytical result. It is also worth noting that the derivation of the analytical critical point has no approximation, and thus the result is valid for any value of J. In order to make a comparison with the approximate one given in Ref. [44] (in the small-J limit), we define the relative deviation ∆A c = (A c − A a c )/A c for a thermodynamic quantity A c , with A a c denoting the critical point obtained in the small-J limit. Then we get
from which we can see that the deviations between the analytical and approximate values of the critical point are very small, i.e., within the range of 2.2%. The analytical values of v c and ρ 1c are smaller than the approximate ones, while T c and P c are larger. A special property of these deviations is that they are independent of the angular momentum J.
This property seems very difficult to understand because that the approximate value of the critical point is obtained in the small-J limit, while the analytical ones are effective for all J. The reason is that the Kerr-AdS black hole is a single-characteristic-parameter system, and its critical point has a unique form. With a simple calculation, one can confirm that the critical exponents and the scaling laws near such an exact critical point are the same as the ones obtained before. 
B. Coexistence curve and phase diagram
There are classical swallowtail behavior of Gibbs free energy and P -V oscillatory behavior when the phase transition takes place. In this subsection, we will study the phase transition information encoded in the thermodynamic quantities.
In fact, as shown in Refs. [37, 38] , the phase transition information is also encoded in the T -S oscillatory behavior. We show the swallowtail behavior of G and theT -S oscillatory behavior for different values of the pressure P in Fig.  1 . We conclude that the existence of the swallowtail behavior implies the T -S oscillatory behavior. And the deflection point of G corresponds to the extremal point of the T -S oscillatory behavior. However, when the pressure P > P c , both the swallowtail behavior and T -S oscillatory behavior disappear.
For small pressure P , there are two extremal points on one T -S curve, and the two points coincide with each other when P = P c . When P > P c , there is no extremal point. The extremal points are determined by ∂T ∂S J,P = 0.
Thus the critical point occurs at the multiple root of the above equation. For a black hole with T > 0, we have
Thus, it is clear that the heat capacity C J,P diverges at the extremal points determined by Eq. (41) . Moreover, it is known that a negative slope of the T -S curve corresponds to a negative C J,P , which implies unstable thermodynamics.
Since the intermediate black hole branch has a negative slope on the T -S curve, it should be excluded from the thermodynamic viewpoint. The ability to exclude such a branch comes from the consideration that a thermodynamic system always prefers a lower Gibbs free energy. When P < P c (see Fig. 1(a) ), as T increase the system first prefers a small black hole branch until the point "P" is reached, where the small and large black hole branches have the same value of G. So it is a coexistence point of the small and large black holes. As T increase further, the large black hole branch will have a lower Gibbs free energy, and thus the system will prefer this branch. Since the intermediate black hole branch has a higher Gibbs free energy, it will be naturally excluded.
In this process, "P" is a special point, at which the small and large black holes can coexist. This point can also be equivalently determined by the equal-area laws given above. By letting the parameters J and P vary independently, we will obtain all the coexistence points. For the charged AdS black hole, it was shown in Ref. [36] that the coexistence curve is charge independent in the reduced parameter space for any dimension d. For the rotating Kerr-AdS black hole, we wonder whether the coexistence curve is angular momentum J independent. With this issue, we carry out the same calculation. For the rotating Kerr-AdS black hole, the parametrization form of the coexistence curve reads where the reduced parameters are defined asP
It worth noting that for the rotating Kerr-AdS black hole, there is a J-independent behavior for the coexistence curve in the reduced parameter space. To be clear, we plot the coexistence curve in the reduced parameter space in Fig.  2(a) . This coexistence curve has a positive slope everywhere and terminates at the critical point. Above this curve is the range of the small black hole, and below it is that of the large black hole. On the curve, the small and large black holes can coexist. With the parametrization form of the coexistence curve (43), we can check that the Clapeyron equations (19)-(21) hold. The P -V phase diagram is presented in Fig. 2(b) .
Another alternative way to study the phase transition is the T -V phase diagram. In Fig. 3(a) , we plot the isobaric line in the reduced parameter space with P/P c =0.7. There is also an oscillatory behavior. The red horizontal line denotes the temperature of the phase transition calculated from the Gibbs free energy, where the small and large black holes coexist. These lines construct two areas. However, with a simple calculation, we find that these two areas are not equal. So there is no equal-area law on the T -V oscillatory line.
The branch "CD" with a negative slope corresponds to the intermediate black hole. We remove this branch by replacing the "BE" oscillatory line with the red horizontal line. Then the black hole system follows the path "A-B-E-F" as the size of the black hole increase. When the size decreases, the system follows the path "F-E-B-A". In fact, there is another path for the system to follow. It first starts from point "A" and moves to point "B". Then, due to the density fluctuations or interactions, the system will not proceed to "E", but rather to "C". In analogy to vdW fluids, we can call the system located at the "BC" branch the superheated small black hole. Then as the temperature increases further, this small black hole system will rapidly change to a large black hole system, resulting in an explosion. If the system starts at point "F" and gets to point "E" by decreasing its size, it has a chance to arrive at point "D". This large black hole branch "ED" corresponds to a low temperature, and we can call it a supercooled large black hole as it has lower temperature than the other large black hole.
We show the T -V phase diagram in the reduced parameter space in Fig. 3(b) . One can see that there are five different black hole phases. Region "I" (gray) in gray color is a coexistence phase, where large and small black holes coexist. Regions "IV" and "V" correspond to small and large black hole phases, respectively. Regions "II" (light gray) and "III" (light blue) are two subphases, i.e., superheated small black hole phase and supercooled large black hole phase, which do not appear in the P -T phase diagram. The region in the shadow (I+II+III) denotes the coexistence phase of the small and large black holes. In this shadow region, there are two subphases, i.e., the SHSBH phase (II) and the SCLBH phase (III). Regions IV and V correspond to the small and large black hole phases.
V. d ≥ 5-DIMENSIONAL KERR-ADS BLACK HOLES
Here we would like to consider a high-dimensional Kerr-AdS black hole with only one nonvanishing rotation parameter. The line element of the d-dimensional singly spinning Kerr-AdS black hole is
where dΩ d−4 denotes the metric element on a d-dimensional sphere and
where ω d = 2π (d+1)/2 /Γ((d + 1)/2), and the horizon radius r h of the black hole is determined by ∆ = 0. In the small-J limit, the critical point has been obtained in Ref. [49] for any dimension d, which reads
.
(53)
As shown above, for the four-dimensional Kerr-AdS black hole, we have the analytical critical point, but when the dimension d is larger than four, there is no the analytical expression. However the critical point must be in the form of Eq. (6), and β 1 -β 4 can be numerically determined.
In order to get the exact critical point, we proceed as follows. We first express a = a(r h , P, S) from the S equation (49) with J = 1. Then we solve the J equation to obtain r h = r h (P, S), which is in a complex form and we will not show it here. Inserting them into the T equation, one gets T = T (P, S). At last, using the conditions (17), we obtain the constants β 1 -β 4 , and the exact critical point is obtained.
It was shown in Ref. [49] that, similar to the d = 4 case, there is also a small/large black hole phase transition of vdW type for d = 5. We here take the d = 5 case as an example to obtain the critical point following the process we presented above.
The state equation of T = T (P, S) with J = 1 is in a complex form, and thus we only show the figure for it. The isobar is shown in Fig. 4(a) . It is clear that for P < P c , there are T -S oscillatory behavior and two extremal points. When P = P c , the two extremal points coincide with each other corresponding to the critical case. With further increase of P , no extremal point exists. This behavior of the isobar is very similar to the isotherm of a vdW fluid. And we have pointed out in Ref. [36] that constructing the equal-area law also reproduces the exact phase transition. In order to obtain the critical point, we need to solve the two equations (∂ S T ) J,P = (∂ S,S T ) J,P = 0. However, it is very difficult to directly solve them. Here we can solve the first equation (∂ S T ) J,P = 0, and then find the multiple root of it. Thus the critical point will be obtained. We plot the extremal point in Fig. 4(b) . The result confirms the same situation as in Fig. 4(a) , and when the pressure approaches about 0.029, the two extremal points meet each other. Thus we can solve the second equation (∂ S,S T ) J,P = 0 near P = 0.029. Finally, we obtain the exact critical point The phase diagram is similar to the case of d = 4, and we will not explore it.
B. d=6-dimensional case
For the d=6-dimensional singly spinning Kerr-AdS black hole, the reentrant phase transition emerges, which provides an opportunity to determine the phase structure of the AdS black hole. The study is also generalized to equal-spinning Kerr-AdS black holes in d-dimensions. However, the exact critical point is still missing. We would like to find the exact value for it with the method presented for the d = 5 case.
We fist list the extremal point in Fig. 5 . From it, one can see that the structure of the extremal point is richer than the d = 5 case implying a richer phase structure. This structure admits two critical points: 
To be clear, we show the T -S oscillatory behavior in Fig. 6 . The isobar behaves differently at different pressures (for details, one can see Refs. [49] [50] [51] ). Considering that the black hole near the first critical point always has a higher Gibbs free energy than the very large black hole, the first critical point will not emerge in the phase diagram. However, if the very large black hole branch is suppressed by some other physical mechanisms, then the first critical point will appear in the phase diagram. Fig. 7 , which are very similar to the d = 6 case shown in Fig. 5 . There are two critical points for d ≥ 7, which we list in Table I . Similar to the d = 6 case, the first critical point does not participate in the phase transition. When d ≥ 10, the calculation becomes more difficult. However we believe that the situation is the same as d = 6.
Before ending this section, we give a brief summary. For d = 5-9, we obtain the exact critical points. When d = 5, there is only one critical point, and the critical phenomena is the same as d = 4. When d ≥ 6, there are two critical points, and the reentrant phase transition emerges. All the critical points are exact without any approximation. In Ref. [49] , the authors gave the approximate critical point (53) in the small-J limit, which is consistent with the second critical point obtained by us. We list the relative deviations of the critical pressure and temperature in Table  II . It is clear that, the approximate one has small deviations |∆P c | and |∆T c | from the exact one. With an increase of the dimension d, the deviations decrease. Although the approximate critical points were obtained in the small-J limit, they are still effective for large J, which is mainly because the singly spinning Kerr-AdS black hole system is a single-characteristic-parameter system. Table I ).
VI. EXACT CRITICAL REENTRANT PHASE TRANSITION POINT
It was clearly shown in Ref. [50] that, when d ≥ 6, the reentrant phase transitions occur. The P -T phase diagram can be found in Fig. 4 of Ref. [50] . Decreasing the pressure from the second critical point, the reentrant phase transition occurs at P = P z , and terminates at P = P t . Here we call the points P = P z , P t the CRPs. We plot the Gibbs free energy for d=6-dimensional singly spinning Kerr-AdS black hole at P = P z and P = P t in Fig. 8 , from which one can clearly see a multicharacteristic swallowtail behavior.
Using the dimensional analysis from Sec. II, the CRPs have the following form:
From the properties of T and G, we find that at constant pressure the deflection point of G is exactly related to the extremal point of T . Thus from Fig. 8(a) , we see that at the CRP (P z , T z ), the two extremal points of (∂ S T ) J,P = 0 have the same value of T . According to this result, we can numerically determine the CRP (P z , T z ). First, we show the extremal points of T in the T -P plane for d = 6 in Fig. 9 , and the cases for d = 7-9 are the same. The two critical points are located at the deflection points. At the intersection point, the two extremal points share the same T and P , which is just the CRP (P z , T z ). By finding this point, we will get the value of the CRP. There is no good method to obtain the exact value of CRP (P t , T t ), so we get the value only through fine-tuning by hand. In Table  III , we list the exact values of the CRPs for d = 6-9. 
VII. CONCLUSIONS
In this paper, we have studied the critical phenomena of the d-dimensional singly spinning Kerr-AdS black holes. We first examined the thermodynamic quantities for such a system, and they are divided into two classes. The first class consists of the universal parameters, such as P , V , and T . The second class consists of the characteristic parameters, such as the Q and J. The phase transition and critical phenomenon are dependent on the characteristic parameters. Since the d-dimensional singly spinning Kerr-AdS black hole system is a single-characteristic-parameter system, the critical point has an explicit form, i.e., Eq. (6). Thus, in order to obtain the critical point, we only need to derive the coefficients β 1 ∼ β 4 . It is also worth noting that the critical point determined by this method is exact and obtained without any approximation.
Then we considered the generalized Maxwell equal-area laws in the extended phase space, and three critical conditions were obtained. Employing the condition (17) and the unique form of the critical point (6), we obtained the analytical and exact critical points for the Kerr-AdS black hole for the first time.
We obtained the analytical critical point for the four-dimensional Kerr-AdS black hole. The coexistence curve and the phase diagram were also obtained. A fitting form of the coexistence curve in the P -T phase diagram was presented, and it was found to be angular momentum J independent. The P -V and T -V phase diagrams were also given. In particular, in the T -V phase diagram, besides the small and large black hole phases, we gave two extra subphases, i.e., the superheated small black hole phase and supercooled large black hole phase.
When d = 5, the critical phenomena are similar to the four-dimensional case, while when d ≥ 6 the reentrant phase transition occurs, and two exact critical points are presented. However, the small one does not participate in the phase transition. Through a simple calculation, we showed that the approximate critical point (53) obtained in the small-J limit is accurate not only valid for small J, but also for large J. The reason is that the singly spinning Kerr-AdS black hole system is a single-characteristic-parameter system, and the form of the critical point is uniquely determined.
When d ≥ 6, the reentrant phase transitions appear. Based on the similar analysis for the critical point, we obtained the exact CRPs for d = 6-9.
Finally, we suggested that the success in obtaining the analytical and exact critical points is mainly based on the fact that the d-dimensional singly spinning Kerr-AdS black hole is a single-characteristic-parameter system. Thus the form of the critical point is uniquely determined. For the multiply spinning black hole, this method fails, and the forms of the critical points cannot be easily determined using only the dimensional analysis. However, for the equal-spinning (J 1 = J 2 = ...... = J) Kerr-AdS black holes, this method is valid. We will consider the exact critical point and phase diagram for these black holes in future work.
